Fall 2002
Course 3 solutions

Question #1
Answer: E
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Question #2

Answer: A
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Question #3

Answer: D
_3 - .
22 Aeo) =V 2PB60] Oeojr2 Tt
! l l

pay at end live then die
of year 3 2years inyear 3

4

v ’ sfep  Oeors
pay at end live thendie
of year 4 3years inyear 4
1 1
= 1- 0.09)(1- 011)(013)+ 1- 0.09)(1- 011)(1- 013)(015
o (L 099)(1- 01 (028)+ 2 (1- 009) (0 011) 1= 013) (015
=019
Question #4
Answer: B

ay = ax:q +5Ex A5

1- & 0.07(5)

=—————=4219,where 0.07=m+d for t<5
x3 0.07
sE, =% = 0705

A = 0—38 = 125,where 0.08=m+d for t3 5

\ &, =4219+(0.705)(125) =13.03



Question #5
Answer: E

The distribution of claims (a gamma mixture of Poissons) is negative binomial.
E(N)=Ey(E(N|L))= Ey(L)=3

Var(N) = Ey(Var (N|L ) +Vary( E(N|L))
= Eg(L)+Vary(L)=6

rb =3

rb(1+b)=6
(1+b)=6/3=2; b=1
rb =3

r=3

po=(1+b) " =0125
rb
=— =01875
pl (1+ b)r+1
Prob(at most 1) = p, + p,
=0.3125

Question # 6
Answer: A

E(S)= E(N)” E(X)=110" 1,101=121110

Var(S) = E(N)” Var(X)+E(X)* " Var(N)
=110" 70°+1101%" 750
= 909,689,750

Std Dev (S)= 30,161

Pr(S <100,000) = Pr(Z < (100,000~ 121,110)/ 30,161) where Z has standard normal distribution
= Pr(Z<-070)= 0242



Question #7
Answer: C

Thisisjust the Gambler’s Ruin problem, in units of 5,000 calories.
Each day, up onewith p=045; down 1 with g =055

Will Allosaur ever be up 1 before being down 27?

(1- (055/045)2)
S — =0598
(1- (055/045)"3)

Or, by general principles instead of applying a memorized formula
Let B =probability of ever reaching 3 (15,000 calories) if at 1 (5,000 calories).
Let P, = probability of ever reaching 3 (15,000 calories) if at 2 (10,000 calories).

From either, we go up with p=0.45, downwith g =055
P(reaching 3) = P(up) ~ P(reaching 3 after up) + P(down) ~ P(reaching 3 after down)

P, =045 1+0.55" P,

R =045 P,+055 0=045" PR,

P, =045+055 P, =045+055" 045" P, =045+0.2475P,
P, =045/ (1- 0.2475) =0598

Here is another approach, feasible since the number of states is small.

Let states 0,1,2,3 correspond to 0; 5,000; 10,000; ever reached 15,000 calories. For purposes of
this problem, state 3 is absorbing, since once the allosaur reaches 15,000 we don’t care what
happens thereafter.

1 0 0 0
055 0 045 O
0 055 0 0.45
0 0 0 1

The transition matrix is

Starting with the alosaur in state 2;

[0 0 1 0] at inception
[0 0.55 0 0.45] after 1
[0.3025 0 0.2475 0.45] after 2
[0.3025 0.1361 0 0.5614] after 3
[0.3774 0 0.0612 0.5614] after4
[0.3774 0.0337 0 0.5889] after 5
[0.3959 0 0.0152 0.5889] after 6

By this step, if not before, Prob(state 3) must be converging to 0.60. It's already closer to 0.60
than 0.57, and its maximum is 0.5889 + 0.0152



Question #8
Answer: B

The investor will receive at least 1.5 if and only if C(5) £0.

C(5)- C(1) isnormally distributed with mean (4)(0) =0,
variance = (4)(0.01) = 0.04, standard deviation = 0.2.

Pr(C(s) £o|c: =0.05) = Pr(C(5)- C(1)£-005)=
Pr( C(1))/ 02 £-005/02)
1-

(S
F(025) o



Question #9
Answer: D

Per 10 minutes, find coins worth exactly 10 at Poisson rate (05)(0.2)(10) =1

Per 10 minutes, f (0)=03679 F(0) =0.3679
f (1) =0.3679 F(1) =0.7358
f (2) = 01839 F(2)=09197
f (3) = 00613 F(3)=09810

Let Period 1 = first 10 minutes; period 2 = next 10.

Method 1, succeed with 3 or more in period 1; or exactly 2, then ore or more in period 2
P=(1- F(2))+f(2)(1- F(0)) = (1- 09197)+(01839)(1- 0.3679)

= 01965
Method 2: fail in period 1if < 2, Prob = F(1) =0.7358
fail in period 2 if exactly 2 in period 1, then 0; Prob= f(2)f(0)
=(01839)(0.3679) = 0.0677
Succeed if fail neither period; Prob =1- 0.7358- 0.0677
=0.1965

(Method 1 is attacking the problem as a stochastic process model; method 2 attacks it asaruin
model.)



Question #10
Answer: C

Which digtribution is it from?
0.25 < 0.30, so it is from the exponential.

Giventhat Y isfrom the exponentia, we want
Pr(YEy)=F(y)=069

1- € A =069
1- e Y5 = 069 sincemean =05

~Y = in(1- 069) = - 1171
05
y = 05855

Question #11
Answer: D

Use Mod to designate values unique to this insured.
8 =(1- Agp)/d =(1- 0.36933)/[(0.06)/(106)] = 111418

1000P;, = 1000Ag, / dg, = 1000(0.36933/ 111418) = 3315

AR = V(g™ + pl*lAgy) = 1_c1)6[0'1376+ (08624)(0:383)] = 044141
aV*? = (1- AR™)/d = (1- 044141)/[0.06/ 106] = 9.8684

E[ o L] =1000( A% - Ryae™)

=100q0.44141- 00331598684)]

=114.27



Question # 12
Answer: D

The prospective reserve at age 60 per 1 of insurance is Ay, since there will be no future
premiums. Equating that to the retrospective reserve per 1 of coverage, we have:

S
— 4010 Mod &
A= Pop———+ Ry S, - 0K
0 10 Eso o1

se oe 1

Aﬁo _ A4O , a4O:ﬂ + PMod asof)l A40:ﬁ|
= Ny —— —

a40 10 E40 10E50 10 ESO 20 E40

016132, 7.70 Mod (D7 0.06

0.36913= +RY -
148166 (053667)(051081) 051081 027414

0.36913 = 0.30582+14.8196 RV - 0.21887

1000 RY°? = 19,04

Alternatively, you could equate the retrospective and prospective reserves at age 50. Y our
eguation would be:

€] A
A,- BV 5 = Ap - “401q  Tao1q

10 E40 10 E4O

where AéllO:EI = Aw- 10E40 Ay
= 016132 - (053667)(0.24905)
=0.02766

0.24905- (Psgllod)(757):0.16132, 770 002766

148166 053667 053667

(1000)(0.14437)
757

1000RY™ = =19.07

Alternatively, you could set the actuarial present value of benefits at age 40 to the actuarial
present value of benefit premiums. The change at age 50 did not change the benefits, only the
pattern of paying for them.

Ay = Py 340:1—0| + F%'(\)AOd 10E40 agoml

016132 Vo
016132= 7.70 053667)(7.57
(14.8166)( )+ (R”X \(757)
L0009 = (1000)(007748) _ ;-

4.0626



Question # 13
Answer: A

@11 =400

X X

d(z) — q

X

d\ =0.45400) = 180

(2)
2) _ d, __ 400 0488
¢ I q® "~ 1000- 180
p¢? =1- 0.488= 0512

Note: The UDD assumption was not critical except to have all deaths during the year so that
1000 - 180 lives are subject to decrement 2.



Question #14
Answer: D

Use “age” subscripts for years completed in program. E.g., p, applies to a person newly hired
(“age’ 0).

Let decrement 1 = fail, 2 = resign, 3 = other.
Then of” =%, o’ =%, ag) =%
o =% ot? =35, a8? =%
o’ = Yo, af” = %, af® = %,

This gives p{l) =(1- 1/4)(1- 1/5)(1- 1/10)= 054
pl') =(1- 1/5)(1- 1/3)(1- 1/9) =0.474
pY) =(1- 1/3)(1- 1/8)(1- 1/4) = 0438
So 1) =200, 1{") =200(054) =108, and 1) =108 (0474) =51.2
ot” =|1og g /10g pf']of
ot =[log(2)/10g(0.438)|[1- 0438]

=(0.405/0826)(0562)



Question #15
Answer: C

Let: N =number
X = profit
S = aggregate profit
subscripts G =“good”, B ="bad”, AB = “accepted bad”

| ¢ =(3)(60) =40
| a5 =(£)2)(60) =10 (If you have trouble accepting this, think instead of a heads-tails rule, that

the application is accepted if the applicant’s government-issued identification number, e.g. U.S.
Social Security Number, isodd. It is not the same as saying he automatically alternates
accepting and rejecting.)

Var(Ss) =E(Ng) " Var(Xg) +Var(Ng)’ E(XG)Z

= (40)(10,000) + (40)(300?) = 4,000,000
Var(Sps) = E(Nag) ™ Var(Xag) +Var (N,g)” E(Xag)
=(10) (90,000) + (10) (- 100) =1,000,000
& and S, are indeperdent, so
Var(S) = Var (S;) +Var(S,g ) = 4,000,000 +1,000,000
= 5,000,000

If you don't treat it as three streams (“goods’, “accepted bads’, “rejected bads’), you can
compute the mean and variance of the profit per “bad” received.

o = (3)(60) =20
If all “bads’ were accepted, we would have E(X%s)=Var(Xg)+ E(Xg)?

=90,000+ (- 100)° =100,000

Since the probability a“bad” will be accepted is only 50%,

E(Xg) = Prob(accepted) ~ E( X g|accepted) + Prob(not accepted) ” E( Xg|not accepted)
- (05)- 100) + (05)(0) = - 50

E(X3)= (05)(100,000) +(05)(0) = 50,000

Likewise,
Now Var(Sg)=E(Ng)" Var(Xg)+Var(Ng)" E(Xg)
= (20) (47,500) + (20) (507) = 1,000,000

2

& and S; are independent, so
Var(S) = Var(S;) +Var(Sg) = 4,000,000 +1,000,000
=5,000,000



Question # 16
Answer: C

Let N = number of prescriptionsthen S=N" 40

n fn(n) Fy (n) 1- Fy(n)
0 0.2000 0.2000 0.8000
1 0.1600 0.3600 0.6400
2 0.1280 0.4880 0.5120
3 0.1024 0.5904 0.4096

E(N)=4= 4 (- F(])
E[(S- 80),] =40" E[(N-2),]=40" 5(1- F(i))

=40’ {5(1— F(i))- 4 (1- F(j))}

j=0 j=0
= 40(4 - 1.44) =40" 256 =10240

E[(S- 120),] =40" E[(N- 3),] =40’ 5 (1- F(J))

j=3

o . P .

i {aa- £(1)- & - F(n)}
=0 j=0

= 4q4- 1.952) =40" 2.048=8192

Since no values of S between 80 and 120 are possible,

(120- 100)" E[(S- 80), ]+(100- 80)" E[(S- 120)

- ] =9216
120

E[(S- 100), | =

Alternatively,

E[(S- 100),] :é¥ (40j - 100)f y,(j)+100f, (0) +60fy (1) +20fy (2)

=0

(The correctionterms are needed because (40j - 100) would be negative for j = 0, 1, 2; we need
to add back the amount those terms would be negative)

¥ ¥

=408 i~ fy(j)- 1008 fy(j)+(100)(0.200)+ (016)(60)+(0128)(20)
j=0 j=0

=40 E(N)- 100+ 20+ 9.6+ 256

=160- 67.84=9216



Question #17
Answer: B

10 Ea0.40=10P30 10 Pap V'° = (10 p30V10)(10 p4oV10)(1+ i)

= (10 Eso)( 10 EAO)(1+ i )10
= (0.54733) (0.53667) (1.79085)
= 052604

The above is only one of many possible ways to evaluate ;; Py 10 Pao v, al of which should
give 0.52604

a30;40:m = 83040~ 10 E30:40 B30+10:40+10

= (8040~ 1) - (0.52604) (8405 - 1)
= (13.2068) - (0.52604) (11.4784)
=7.1687

Question #18
Answer: A

Equivalence Principle, where p isannua benefit premium, gives

1000( Ays +(1A),, " P) =&,p

__1000A; _ 1000 042898
(a35- (IA)35) (1199143- 616761)
42898
582382
= 7366

We obtained &, from

_1- A _1- 042898

a
¥ 0047619

=11.99143



Question #19
Answer: D

Low random P early deaths, so we want ; gz = 042 or lg,,; = 058l5,
Using the Illustrative Life Table, lgy,, = (058)3,914,365
=2,270,332

> | > |

I80+5 80+t 80+6

50 K = curtate future lifetime=5

1oL =1000v*** — (Contract premium) e

=705- (20)(52124)
=601

Question #20
Answer: C

Time until arrival = waiting time plus travel time.

Waiting time is exponentially distributed with mean }I/ . The time you may already have been
waiting is irrelevant: exponential is memoryless.

You: E(wait) = 3 hour = 3 minutes
E (travel) = (0.25)(16) +(0.75)(28) = 25 minutes
E (total) = 28 minutes

Co-worker:  E (wait) = £ hour = 12 minutes
E (travel) = 16 minutes
E (total) = 28 minutes



Question #21
Answer: B

Bankrupt has 3 states 0, 1, 2, corresponding to surplus=0, 1, 2
Trangition matrix is

1 0 0
M=|01 0.9 0
001 0.09 09

Initial vector t,=[0 0 1]

t,M =t,=[001 009 090]
t,M =t, =[0028 0162 08
t,M =t,=[00523 02187 0729]

At end of 2 months, probability ruined = 0.028<5%
At end of 3 months, probability ruined = 0.0523>5%

Question #22
Answer: D

Thisis equivalent to a compound Poisson surplus process. Water from stream is like premiums.
Deer arriving to drink is like claims occurring. Water drunk is like claim size.

E[water drunk in aday] = (1.5)(250) = 375

500
1+q)=—
(+a) 375
Prob(surplus level at timet isless than initia surplus, for somet)
= ( )_i :3_75 =75%



Question #23
Answer: C

Time of first claimis T, =- 1/ 3log(05) = 023. Sizeof claim =10°% =17
Time of second claimis T, =0.23- 1/3log (0.2) =0.77. Sizeof clam =10"" =59

Time of third claimis T, = 077- 1/3log(01) =1.54. Sizeof claim =10"* =347

Sinceinitial surplus = 5> first claim, the first claim does not determine ¢

0.77
Testat T,: Cumulativeassets= 5+ _[ct“dt =5+ 0054c

0
Cumulativeclams= 1.7+59=7.6
Assets 3 clamsfor ¢3 4815

Testat T;:  Cumulativeclaims= 1.7+ 59+ 34.7=42.3
154
Cumulative assets= 5+ J'O ctdt =5+1732¢
Assets 3 clamsfor c3 2154

If ¢<4815,insolventat T,.

If ¢c> 4815, solvent throughout.
49 is smallest choice > 48.15.

Question #24
Answer: C

my =m,+m, =014

= _ 007
=A =——= = 05833
A=A vd Toor+o0s
Ay=— -0l 05 anda, =— 1 =1 -5o632
m,+d 014+005 019 “m,+d 014+005
A- A +A
o _AtA- Ay 20583907368 o
a, a, 52632



Question #25

Answer: E

(20Vao + Poo)(1+1) - Qo1 20Vap)=22Vg
(049 +0.01)(1+i)- 0.022(1- 0545) = 0545

0545)(1- 0022) + 0022
050

(1+i):(

=111
(Voo + Poo)(1+1) - Qg (1 22Va0)=2Vg
(0545+.01)(111)- (1~ 0.605) = 0.605

_ 061605- 0605
0.395

41

=0.028

Question #26
Answer: E

1000 Py, = 1000 Ay, / &,

=1000 V(Qeo + peopgl) / (1+ Peo V a61)
=1000(Gieo + Peo Ab1)/ (LOB+ P 8lgy)

= (15+(0.985)(382.79)) / (L06 + (0.985)(10.9041)) = 3322



Question #27
Answer: E

Method 1:

In each round,

N = result of first roll, to see how many dice you will roll
X = result of for one of the N dice you roll

S=sumof X for the N dice

E(X)=E(N)=35

Var(X)=Var(N)= 29167

E(S)= E(N)* E(X)=1225
Var(S) = E(N)Var(X)+Var(N)E(X )

= (35)(2.9167) + (29167)(35)’
= 45938

Let Sjo0 = the sum of the winnings after 1000 rounds

E(Sig0) =1000*12.25 = 12,250
Stddev(Sip0) = Sqrt(1000* 45938) = 214.33

After 1000 rounds, you have your initial 15,000, less payments of 12,500, plus winnings

of S1000 :

Since actual possible outcomes are discrete, the solution tests for continuous outcomes greater
than 15000-0.5. In this problem, that continuity correction has negligible impact.

Pr(15000- 12500+ Syp, > 149995) =

= Pr((Sgo - 12250)/ 214.33> (149995~ 2500- 12250)/ 214.33) =

=1- F(117) =012

Method 2

Resdlize that you are going to determine N 1000 times and roll the sum of those 1000 N's dice,

adding the numbers showing.

Let Nygp =sum of those N's



E(N;o00) = 1000E( N ) = (1000)(35) = 3500

Var (Njg00) = 1000Var (N) = 2916.7

E(Siono) = E(Nyo0e ) E(X ) = (3500)(35) = 12.250

Var (Syon) = E(Niogo) Var (X) +Var (Nyoop) E(X)
= (3500)(2.9167) +(2916.7)(35)" = 45938

2

Stddev(Sygy) = 21433

Now that you have the mean and standard deviation of S, (same values as method 1), use the
normal approximation as shown with method 1.

Question #28
Answer: B

-3
Pk = K Pk-1

025=(a+b)” 025p a+b=1

0.1875:(a+g) ~0.25p (1- g) 0.25=0.1875

05
ps = (0.5+ ?) * 01875= 0125



Question #29
Answer: C

Limiting probabilities satisfy (where B = Bad = Poor):

P=095P+015S
S=0.04P +080S+0.25B
B =001P +005S+0.75B

P+S+B =100

Solving, P =0.694

Question #30
Answer: B

Transform these scenarios into a four-state Markov chain, where the final disposition of ratesin
any scenario is that they decrease, rather than if rates increase, as what is given.

S fromyeart —3to | fromyeart—2to | Probability that year t will
ae
yeart —2 yeart—1 decrease fromyear t - 1
0 Decrease Decrease 0.8
1 Increase Decrease 0.6
2 Decrease Increase 0.75
3 Increase Increase 0.9

080 000 020 000
060 000 040 0.00
000 0.75 000 025
000 090 000 010

Transition matrix is

F)020 + P021 =08*08+02*0.75 = 0.79

For this problem, you don’t need the full transition matrix. There are two cases to consider.
Case 1. decrease in 2003, then decrease in 2004; Case 2: increase in 2003, then decrease in 2004.

For Case 1. decrease in 2003 (following 2 decreases) is 0.8; decrease in 2004 (following 2
decreasesis 0.8. Prob(both) =0.8" 0.8 =0.64

For Case 2: increase in 2003 (following 2 decreases) is 0.2; decrease in 2004 (following a
decrease, then increase) is 0.75. Prob(both) =0.2° 0.75=0.15

Combined probability of Case 1 and Case 2is0.64 + 0.15=0.79



Question #31
Answer: B

l, =w- x=105- x

Let K be the curtate future lifetime of (45). Then the sum of the paymentsisOif K £19 andis
K-19if K3 20.

L ,(60-K),
@=é1( jl
2o| ° K=20 60

_ (40+39+...+1) _ (40)(42)

= 1366
60 2(60)

Hence,
Prob(K - 19 >1366) = Prob(K > 32.66)

= Prob(K 3 33) sinceK isan integer

= Prob(T 3 33)
= 0= =2/
33Pas s 60

=0.450



Question #32

Answer: C
o— n
A = =025® m=0.04
m+ 2d
— n
= =04
A m+d

[[EAds
= ré (e O'15)(04) ds

(04) oY _04_,
- 01 ), 01

Alternatively, using a more fundamental formula but requiring more difficult integration.

(1A), = J, t pem(t)e*'at
= J¥ te % (0.04)e Pt
0

=004 te lat
(integration by parts, not shown)
= 0.04['—t- ij e o[’
01 001 0
_ 004 _

0.01



Question #33
Answer: E

Subscripts A and B here just distinguish between the tools and do not represent ages.

We haveto find €as

0 10 t t2
eA—JO (1- 1_0)dt_t_2_0

2 7
3B=j07(1- ijdt:t- Y -a9.- 835

10
=10- 5=5
0

7 14'%0 14

0 7t t 7 t t t?
€ = Io (1- $)(1- E)dt _-[O [1- E- ?+%]dt

7
Lee e

20 14 210|,

=7. 2949, 38 683
20 14 210

(0] 0 (o] (0]
€AB = eat e- €aB

=5+3.5- 2683=5817



Question #34
Answer: A
mf})(t) =0100+0004 = 0104

t pg(t) — @ 0104t

Actuarial present value (APV) = APV for cause 1 + APV for cause 2.

2000 & %te 04 (0100)dlt +500,000] & °** & 1% (0400) ct
0 0
= (2000(0210) + 500,000(0.004)) E’ o 0244t

_ 2200 (1_ o 0.144(5)) — 7841
0144

Question #35
Answer: A
R=1- px = qx

1 1 1
S=1- p° d ¥ snce e Jolmity+k)a _ e-forn((t)dt-jokdt

e j;w(t)me- [t

So S=0.75Rb 1- p,” e ¥ =0.759,

ok - 1 0750,
Px
ek = Px — 1- Oy

" 1- 075q, 1- 075,

k =In i
1- 0.75,



Question #36
Answer: E

b= men=4; p=b"/(1+b)"

n P(N =n) X f ¥ (x) f (x) f9(x)
0 0.2 0 0 0 0
1 0.16 1 0.25 0 0
2 0.128 2 0.25 0.0625 0
3 0.1024 3 0.25 0.125 0.0156

f (")(x) = probability that, given exactly k claims occur, that the aggregate amount is x.

f W(x) = f(x); the claim amount distribution for asingle claim

F09x)= & (100 x (x- )

i=0
X
f(x)=a P(N=k)" f®)(x); upper limit of sumisreally ¥ , but here with smallest possible
k=0
cdamsize1, f*)(x)=0 for k>x

0)=0.
1)=016*0.25=004

2) =016* 0.25+ 0.128* 00625 = 0048

3) =016* 025+ 0128* 0125+ 01024 * 00156 = 0.0576

N

Fs(3)= 02+ 004 + 0048 +0.0576 = 0.346



Question #37
Answer: E

Let L = incurred losses; P = earned premium = 800,000
Bonus =015 [0.60- %) "~ P if positive

=015" (060P- L) if positive

=015  (480,000- L) if positive

=015 (480,000~ (L U480,000))
E (Bonus) = 0.15 (480,000- E( L U480,000))

From Appendix A.2.3.1
= 0.15{ 480,000 — 500,000 ~ (1 — (500,000 / (480,000+500,000)))]}

= 35,265

Question #38
Answer: D

3V =500,000A,;; - 66438,
= 287



Question #39
Answer: D

Let A and &, becaculated with m(t) and d = 006

Let A anda, bethe corresponding valueswith my(t)
increased by 0.03 and d decreased by 0.03

a, = 1-A_04_ 6.667
d 0.06
a =g,
t
. ¥ - 003)d
Proof: &, :I e Jolmsy+acs) e 00 gy

t
¥ - | mg(s)ds _ _
_ Jo o Jomi(s) o 003t - 0.0t 4

t
y - [ mx(s)ds

=a]

E——

A =1- 0033, =1- 0037,
= 1- (0.03)(6667)
=08



Question #40

Answer: A
bulb ages
year 0 1 2 3 # replaced
0 10000 0 0 0 -
1 1000 9000 0 0 1000
2 100+2700 900 6300 0 2800
3 280+270+3150 3700

The diagonals represent bulbs that don’t burn out.
E.g., of theinitial 10,000, (10,000) (1-0.1) = 9000 reach year 1.
(9000) (1-0.3) = 6300 of those reach year 2.

Replacement bulbs are new, so they start at age 0.

At the end of year 1, that’s (10,000) (0.1) = 1000

At theend of 2, it’s (9000) (0.3) + (1000) (0.1) = 2700 + 100

At theend of 3, it's (2800) (0.1) + (900) (0.3) + (6300) (0.5) = 3700

1000 = 2800 , 3700
+ +

105 105 105
= 6688

Actuaria present value =




